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ABSTRACT 

The n-time generalization of Schwarzschild solution is presented. The equations of 
geodesies for the metric are integrated and the motion of the relativistic particle is con- 
sidered. The multitemporal analogue of the Newton's gravitational law for the objects, 
described by the solution, is suggested. The scalar-vacuum generalization of the multitem- 
poral solution is also presented. 
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1 Introduction 



In [1] the generalization of the Schwarzschild solution to the case of n internal Ricci-flat 
spaces was obtained. (The case n — 1 was considered earlier in [2].) In [3] this solution was 
generalized on 0(d + 1) -symmetric (Tangherlini-like) case. (In [4] the special case of the 
solution [3] with n = 2 was considered). 

This paper is devoted to an interesting special case of the solution [1]. This is the n-time 
generalization of the Schwarzschild solution. We note, that the idea of considering of space- 
time manifolds with extra time directions was discussed earlier by different authors (see, for 
example, [5-12]). Some revival of the interest in this direction was inspired recently by string 
models [9-12]. 

In sec. 2 the multitemporal generalization of Schwarzschild formula is considered and 
corresponding geodesic equations are integrated. In sec. 3 the motion of the relativistic 
particle in the background of the solution is investigated and a multitemporal analogue of 
the Newton's formula is obtained. The sec. 4 is devoted to multitemporal generalization of 
Newton's mechanics and Newton's gravitational law for interacting objects described by the 
solution ("multitemporal hedgehogs"). 

2 The metric and geodesic equations 

The metric generalizing the Schwarzschild solution to the multitemporal case reads 

g = -J2 F 1 ^ ® df + f~ b dR ®dR + f 1 ~ b R 2 dn 2 : (2.1) 
i=i 

where f — 1 — (L/R), L = const, dVL 2 is standard metric on 2-dimensional sphere and the 
parameters b, a>i satisfy the relations 

n n 

5 = £a», 5 2 + £^ = 2. (2.2) 

i=i i=i 

The metric (2.1) satisfies the Einstein equations (or equivalently RmnIq] = 0) and may be 
obtained as a special case of the solution [1] or more general solution [3]. 

The metrics g(a, L) and g(—a, —L) are equivalent for any set a — (ai, . . . , a n ), satisfying 
(2.2). This may be easily verified using the following transformation of the radial variable: 
R = R* + L. So, without loss of generality we restrict our consideration by the case L > 
(the case L = is trivial). 

In the case 

a% = Sik, (2.3) 
k G {1, ...,n}, the metric (2.1) has the following form 

g = g ( s %-Y,dt t ®dt\ (2.4) 

i.e. it is a trivial (cylindrical) extension of the Schwarzschild solution with the time t k . 
It describes an extended (in times) membrane-like object. Any section of this object by 
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hypersurface t % — t l — const, i ^ k, is the 4-dimensional black hole, "living" in the time t k . 
It may be proved that the solution (2.1) has a singularity at R = L for all sets of parameters 
(ai, . . . , a n ) except n Schwarzschild-like points (2.3) (for n = 2 this was proved in [14]). 
We consider the geodesic equations for the metric (2.1) 

x M + r% P [g]x N x p = 0, (2.5) 

where x M = x m (t), x m = dx M jdr and r is some parameter on a curve. 

These equations are nothing more than the Lagrange equations for the Lagrangian 

T 1 / \ ■ M ■ N 

L\ = -^gMN{X)X X 

1 • n 

= ~\r\R) 2 + f- b R 2 {e 2 + sin 2 6^ 2 ) - E r$)\ (2-6) 

1=1 

The complete set of integrals of motion for the Lagrange system (2.6) is following 

f ai t = e\ (2.7) 
f- b R 2 V = j, (2.8) 

n 

f~ b R 2 + f- b R 2 ip 2 - ]T Pit 1 ) 2 = 2E = 2L U (2.9) 

i=i 

i = 1, n. Without loss of generality we put here 9 — | . 

Multitemporal horizon. Here we consider the null geodesies. Putting E = in (2.9) 
we get for a light " moving" to the center 



R = 

and consequently 

-'» = -/, 



J2( £i ) 2 f b ~ at -ff- 1+2b R- 2 (2.10) 
\ i=i 



*° v / Er=i(^) 2 [/(^)] 6 - ai -i 2 [/(^)]" 1+2 V 



i = 1, . . . , n. 



Let L > 0, e = (e l ) ^ and a = (a i: . . . , a n ) satisfies (2.2). We say that the e-horizon 
takes place for the metric (2.1) at R = L if and only if 

n 

||* -fo|| = J2\ fi -*o|-" ( 2 - 12 ) 

i=l 

as i? — ► L for all £ an d j- It may be proved [14] that for L > and for non-Schwarzschild set 
a the e-horizon for the metric (2.1) at it! = L is absent for any e ^ 0. For the Schwarzschild 
set of parameters (2.3) the e-horizon takes place if e k ^ 0, i.e. light should "move" in 
^-direction. 
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3 Relativistic particle 

Let us consider the motion of the relativistic particle in the gravitational field, corresponding 
to the metric (2.1). The Lagrangian of the particle is 



L 2 = -m^/-g MN (x)x M x N , (3.1) 

where m is the mass of the particle. The Lagrange equations for (3.1) in the proper time 
gauge 

g MN (x)x M x N = -1 (3.2) 

coincide with the geodesic equations (2.5). In this case (E" 1 ) = (me' 1 ) is the energy vector 
and J = mj is the angular momentum. For fixed values of e % the 3-dimensional part of the 
equations of motion is generated by the Lagrangian 

m n 

l* = - r W„ ,(.'•).;•".;• j + E(^) 2 r a 1- (3.3) 
A i=i 

where gsch is the space section of the Schwarzschild metric. 

Now, we restrict our consideration by the non-relativistic motion at large distances: 
R 3> L. In this approximation: f = eV, Yh=i{^ 1 ) 2 = 1- It follows from (3.3) that in 
the considered approximation we get a non-relativistic particle of mass m, moving in the 
potential 

V = -- f(er— = - G m{£lM - £j \ (3.4) 
2 i=1 R R 

where G is the gravitational constant and 

Mij = aAjL/ZG, (3.5) 

are the components of the gravitational mass matrix. 

We note, that the relation (3.4) may be rewritten as following 

v = - G ir( T j) (3-6) 

R 

where Mi = {mSiSj) is the inertial mass matrix of the particle. For n = 1 the potential (3.6) 
coincides with the Newton's one. 

Matrix form. The solution (2.1) may be also rewritten in the matrix form 

g= -[(l-L/R) A ] ij dl! i ®dP 

+(1 - L/Ry trA dR ®dR + (l- L/R) 1 - trA R 2 dQ 2 , (3.7) 

where A is a real symmetric n x n-matrix satisfying the relation 

{trAf + tr(A 2 ) = 2. (3.8) 
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Here x A = exp(A\nx) for x > 0. The metric (3.7) can be reduced to the metric (2.1) by 
the diagonalization of the A-matrix: A = S T (aiSij)S, S T S = l n and the reparametrization 
of the time variables: Sfi % = P. In this case the gravitational mass matrix is 

(My) = (AjL/20). (3.9) 

We may also define the gravitational mass tensor as 

M = Mijdi 1 <g> dV . (3.10) 

We call the extended (in time) object, corresponding to the solution (3.7)-(3.8) as multi- 
temporal Schwarzschild hedgehog. At large distances R^> L this object is described by the 
matrix analogue of the Newton's potential 

$ij = —LAij/R = —GMij/R. (3.11) 

Clearly, that this potential for the diagonal case (2.1) A = aidij is a superposition of the 
potentials, corresponding to "pure states": Schwarzschild-like membranes (2.4). So, in the 
post-Newtonian approximation the Schwarzschild hedgehog is equivalent to the superposition 
of black hole membranes (2.4), corresponding to different times. 



4 Multitemporal Newton laws 

The solution (3.7), (3.8) may be also rewritten as following 

g= -[(1- \\L\\/ Rf'W^df ®dP 

+ (1- \\L\\/R)- trLm dR®dR+(l- \ \L\\/Rf- {trL,m) R 2 dn 2 , (4.1) 

where here L = (L^) ^ is real symmetric n x n- matrix with the norm 



\\L\\ = ^{trLY + ^tr{I?). (4.2) 

We call matrix L as gravitational length matrix. 

Now we consider the interaction between two multitemporal hedgehogs with gravitational 
length matrices Li = (L 1;i j) and L 2 = (L 2j ij) located at large distances from each other 

|f| » ||L||i, ||L|] 2 , x = xi — x 2 . (4.3) 

We begin with the simplest case n — 1. In Newton's mechanics the equations of motion 
for two point-like masses Mi = Li/2G and M 2 = L 2 /2G with world lines x\ = x±(t) and 
x 2 = x 2 (t) respectively are well-known: 

^ = -L 2 ^ (4 4) 

dt 2 2 2|f|3' l4 ' 4j 

d^Xo x , , v 
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where x is defined in (4.3). The equations (4.4), (4.5) may be obtained from the Einstein 
equations, when the solutions describing the post-Newtonian (4.3), non-relativistic motion 

if I « 1, (4.6) 

a = 1, 2, of two black holes are considered. 

Our hypothesis is that the generalization of this scheme to the multitemporal case should 
lead to the following equations of motion for two non-relativistic hedgehogs with gravitational 
length matrices L\ and L 2 in the post-Newtonian approximation (4.3) 

d 2 xi x 

dW ~ ~ L2 ' ij 2\xf> (4 ' 7) 

The functions x a = x a {t\, . . . ,t n ), a — 1, 2, describe the world surfaces of two multitemporal 
objects in the considered approximation. The multitemporal analogue of the non-relativistic 
condition (4.6) reads 

if I « 1. (4-9) 
a — 1,2, i — 1, ... ,n. Defining gravitational mass matricies 

(M^) = (W2G), (4.10) 

and forces 



d x a 
' dPdV 

1, 2, we get 



Fa,ij = M a „3-£, (4.11) 



F Mj = -GM liij M 2iij] ^-, (4.12) 

Fi tij = -F 2)ij , (4.13) 

i, j = 1, . . . ,n. Relations (4.11), (4.12) and (4.13) are multitemporal analogues of the New- 
ton's laws , describing the multitemporal "motion" of two interacting non-relativistic hedge- 
hogs in the post-Newtonian approximation. (The generalization to multi-hedgehog case is 
quite transparent.) We note, that for F\ = tr(Fijj) we get the formula suggested previously 
in [15] 

— * 

F x = -GtriM^)^-. (4.14) 
\x\ 6 

Scalar- vacuum generalization. The solution (2.1) can be easily generalized on scalar- 
vacuum case. In this case the field equations corresponding to the action 

S = \J d D x^\(R[g] - d MV d NV g MN ), (4.15) 
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are satisfied for the metric (2.1) and the scalar field 



ip = -gln(l — — ) + const, (4.16) 
2 R 

with the parameters related as following 

n n 

b = Y / a i , b 2 + Y / a 2 i +q 2 = 2. (4.17) 
i=i i=i 

This solution is a special case of the solution [16] or more general dilatonic-electro- vacuum 
solution [14,17]. 

Conclusion 

In this paper we considered the multitemporal generalization of the Schwarzschild so- 
lution. We integrated the equations of geodesies for the metric and considered the mo- 
tion of relativistic particle in the background , corresponding to the metric. We obtained 
the modification of Newton's law for interaction of massive non-relativistic particle with 
multitemporal hedgehog (i.e extended in time object, described by the solution). We also 
suggested multitemporal analogues of Newton's formulas for non-relativistic motion of in- 
teracting hedgehogs. We note, that the main difference of the multitemporal (n-time) case 
from the ordinary n = 1 case is following: in the space-time with n time coordinates the 
gravitational and inertial masses are n x n matrices, and the energy of a relativistic particle 
is the n-component vector. 

References 

[1] K. A. Bronnikov, V. D. Ivashchuk and V. N. Melnikov, Problems of gravitation, Plenary 
reports. 7th Soviet Conf. on Gravitation (ErGU, Erevan, 1989), p. 70. 

[2] D. Kramer, Acta Physica Polonica B 2 (1971) F. 6 807. 
M. Yoshimura, Phys. Rev. D 35 (1987) 1021. 

[3] S. B. Fadeev, V. D. Ivashchuk and V. N. Melnikov, Phys. Lett. A 161 (1991) 98. 

[4] C. G. Callan, R. C. Myers and M. J. Perry, Nucl. Phys. B311 (1988) 673. 

[5] N. S. Kalitzyn, Izv. Bolgar. Ak. Nauk, Fiz. 7 (1959) 219. 

[6] M. Pavsic, Nuovo Cimento D 41 (1977) 397. 

R. L. Ingraham, Nuovo Cimento B 50 (1977) 233. 

[7] Yu. S. Vladimirov, The Space-time: explicit and hidden symmetries, Nauka, Moscow, 
1989 [in Russian]. 

[8] A. D. Sakharov, ZhETF, 87 (1984) 375 [in Russian]. 



6 



[9] I. Ya. Aref'eva and I. V. Volovich, Phys. Lett. 164 B (1985) 287. 
[10] M. P. Blencowe and M. J. Duff, Nucl. Phys. B 310 (1988) 387. 
[11] C. M. Hull and N. P. Warner, Class. Quantum. Gravity 5 (1988) 1517. 
[12] A. D. Popov, Phys. Lett. B 259 (1991) 256. 

[13] V. N. Melnikov, in: Itogi Nauki i Tekhniki. Classical Field Theory and Theory of Gravity 
vol 1 Gravitation and Cosmology. (Moscow: VINITI, 1991) p. 49 [in Russian]. 

[14] V.D.Ivashchuk and V.N. Melnikov, Multitemporal Generalization of the Tangherlini 
Solution, to appear in Class, and Quant. Grav.; preprint RGA-CSVR-005/94, |gr^| 
| qc/9405067 . 

[15] V. D. Ivashchuk and V. N. Melnikov, Izvestiya Vuzov, Fizika, No 6, (1994) 111 [in 
Russian] . 

[16] V. D. Ivashchuk, PhD Thesis, Center for Surface and Vacuum Research, Moscow, 1989 
[in Russian]. 

[17] U. Bleyer, K. A. Bronnikov, V. N. Melnikov and S. B. Fadeev, On black hole stability 
in multidimensional gravity, AIP preprint (Potsdam) 94-01, 1994. 



7 



